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Answer all the questions.

1 Find the x-coordinate of the stationary point on the curve cosh sinhy x x3 2= - , giving your answer exactly 
in logarithmic form. [3]

2 By first completing the square in the denominator, find the exact value of

    
x x

x
6 10
1 d2

3

4

- +
= . [4]

3 It is given that tany
x

x
1

1=
+

-
J

L
KK

N

P
OO.

 (i) Show that, when x 0= , 
x
y

2
d
d

2

2

=- . [4]

 (ii) Find the Maclaurin’s series for tan
x

x
1

1

+
-
J

L
KK

N

P
OO up to and including the term in x2. [2]

4 The equation of a curve is y
x x

x
2

1
2=
- -

- .

 (i) Write down the equations of the asymptotes. [3]

 (ii) State the coordinates of the point where the curve cuts one of its asymptotes. [1]

 (iii) Show that there are no turning points on the curve. [4]

 (iv) Sketch the curve. [2]

5 The polar equations of two curves are sinr i=    and   cosr 2i= .

 (i) On the same diagram sketch the parts of both curves that are in the positive quadrant. [4]

 The curves meet at the origin and also at a point A.

 (ii) Determine the polar coordinates of A. [2]

 (iii) Find the exact area between the two curves in the positive quadrant. [8]
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6 (i) Using the definition of sinh x in terms of ex and e-x, show that

   sinh sinh sinhx x x3 4 33= + . [3]

 (ii) Use the substitution sinhw x=  to find the real root of the equation

   w w4 3 3 03 + - = .

  Give your answer in the form lna b c+^ h where a, b and c are real numbers to be determined. [4]

7 It is given that I x x x1 dn
n

0

1

= -;  for n 0H .

 (i) Show that I n
n I2 3

2
n n 1=

+ -
. [5]

 (ii) Deduce that I In n 11
-

. [2]

 (iii) Show that I 3465
256

4 = . [3]

8 It is required to solve the equation lnx x x4 1 0f = - - =^ ^h h .

 (i) Show that the equation has two roots, a and b, such that .0 5 11 1a  and 1 21 1b . [1]

 (ii) Use the iterative formula lnx x4 1r r1 = -
+ ^ h with .x 1 80 =  to find x1, x2 and x3, correct to 5 decimal 

places. Write down the value of b to as many decimal places as these values justify . [3]

 (iii) Derive the iterative formula x e
4

1
r

x

1

r

=
+

+

^ h
 and use it to find a correct to 4 decimal places. [4]

 (iv) Show that the iterative formula in part (ii) will not find the value of a. Determine whether the iterative 
formula in part (iii) will find the value of b. [3]

Question 9 begins on page 4.
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9 The diagram shows the curve y e x2= -  for x0 1G G . The region between the curve and the x-axis for 
x0 11 1  is shaded.
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 (i) By considering n rectangles of equal width, show that an upper bound, U, for the area of the shaded 
  region is U n

1 e
r

n

0

1
n
r 2

= -

=

- ^ h/ . [3]

 (ii) By considering another set of n rectangles of equal width, find a similar expression for a lower bound, 
L, for the area of the shaded region. [1]

 (iii) Determine the least value of n such that U L 10 41- - . [3]

END OF QUESTION PAPER
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Question Answer Marks Guidance 

1   d
3cosh 2sinh 3sinh 2cosh

d

2
0 tanh

3

2
1

1 13ln ln 5
22 2

1
3

y
y x x x x

x

x

x

    

  

 
 

   
 
 

 

 

M1 

 

A1 

 

 

 

A1 

 

 

Correct diffn and soi set = 0  

 

 

 

 

 

ln 5 www 

Alternatively: 

 

 

2

1
e 5e

2

d 1
e 5e 0  when  e 5e

d 2

1
e 5 ln 5

2

x x

x x x x

x

y

y

x

x



 

 

    

   

 

If y is wrong then M0 

    [3]   
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2   

 

4 4

22

3 3

4
1 1 1

3

1 1
d d

6 10 3 1

From formula book:

tan ( 3) tan 1 tan 0

4

I x x
x x x

I x



  

 
   

     



 

 

 

M1 

A1 

 

M1 

 

 

A1 

 

Complete the square. 

Denominator 

 

Use standard form and apply 

limits  

 

www 

 

Sight of (x±3)
2
 + 1 

 

 

Accept 1tan ( 3)x    

 

SC correct answer only B1 

 

    [4]   
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3 (i)  

 

 

 

 
 

1

2 2

2 22

2

22 2

2

22

d 1 ( 1).1 .1
tan .

1 d 1
1

1

1 1

2 2 11

d 4 2

d 2 2 1

d 2
When 0, 2

d 1

x y x x
y

x x xx

x

x xx x

y x

x x x

y
x

x

   
   

   
  

 

 
  


  

 

 
     

 
 

 

M1 

 

 

 

 

A1 

 

 

A1 

 

 

A1 

Attempt to 

apply chain 

rule and deal 

with quotient  

 

Soi 

 

 

 

 

 

www AG 

2

2

22
2 2

2 3

d 1
tan sec

1 d ( 1)

M1 for implicit diffn 

                                                      A1 for expression for y'

d d 2
sec 2sec tan A1

d d ( 1)

Substitute 0,  tan 0,sec

x y
y y

x x x

y y
y y y

x x x

x y y

  
 

 
    

 

  

2

2

1

d
2 A1

d

y

x
  

 

    [4]   

 (ii)  

 
0 0

2

0, ' 1 www in part (i)   soiy y

y x x

 

  
 

DB1 

 

B1ft 

Use values 

from (i) 

 

Dependent on correct working in (i) 

 

i.e. y = 0 + kx x
2
 where k is their y' 

    [2]   
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4 (i)  x = 2, x = 1, y = 0 B3 

 

B1 for each  

    [3]   

 (ii)  (1, 0) B1 

 

Allow x = 1, y = 0 but not 

just x = 1 

No extras 

    [1]   

 (iii)      

 

2

2
2

2 2

2

2

2 1 1 2 1d

d 2

0 when 2 2 3 1 0

2 3 0

" 4 " 4 12 8 0 so no (real) roots

x x x xy

x x x

x x x x

x x

b ac

    


 

      

   

     

 

(so gradient fn  0 ) 

Alternative  

2 2

1 2

3( 2) 3( 1)

d 1 2
0 for all values of 

d 3( 2) 3( 1)

y
x x

y
x

x x x

 
 

    
 

 

M1 

 

A1 

 

 

A1 

 

A1 

Diffn dealing with 

quotient and set = 0 

 

 

 

Or  (x 1)
2 

= 2  

 

 

 

 

M1 A1 A1 A1www 

2

2

2

As a quadratic in :

( 1) (1 2 ) 0

Coincident roots if ( 1) 4 (1 2 )

9 2 1 0

This has no real roots

So there is no value of  which gives 

coincident values of . so no turning points.

x

x y x y y

y y y

y y

y

x

    

  

     

M1 A1 for writing as quadratic in x and 

setting up coincident roots 

 2" 4 0 "b ac   

A1 quadratic equation in y 

A1 no roots 

 

    [4]   

 (iv)  

 

 

 

B1 

 

 

DB1 

 

 

General shape, in three 

parts, gradient always 

negative 

Dep on 1
st
 B 

Asymptotes shown and 

intercepts evident 

 

If rotated then ok providing axes are 

labelled. 

 

 

i.e. x axis, halfway between 0 and 2 and 

y axis either a clear scale or point marked 

 

    [2]   
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5 (i)  

 

B1 

B1 

B1 

 

DB1 

first curve approximately correct 

second curve approx correct 

intersections on "axes" 

 

curves intersect approximately in the 

right place, dep on 1st two B marks 

Ignore any extra parts of curves  

 

 

    [4]   

 (ii)  0.5

6

r







 

B1 

 

B1 

 

 

Accept 0.5,
6

 
 
 

 or ,0.5
6

 
 
 

 

 

 

    [2]   
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 (iii)  
Limit of   

6


 

 

 

For first: 

 
6 6 6

2 2

0 0 0

1 1 1
d sin d 1 cos 2 d

2 2 4

1 1 1 3
sin 2

4 2 4 6 4

A r

  

    


 

   

   
             

  
 

 

For second: 

 
4 4 4

2 2

6 6 6

1 1 1
d cos 2 d 1 cos 4 d

2 2 4

1 1 3
sin 4

4 4 48 32

A r

  

  

    


 

   

  
          

  
 

Total area = 3 3

16 32


   

 

 

B1 

 

 

M1 

 

 

DM1 

 

 

A1 

 

 

 

DM1 

 

 

A1 

 

 

M1 

 

A1 

 

Seen anywhere in either integral 

 

 

Formula for area applied to at least one 

curve ignoring limits 

 

Deal with 2sin   correctly  

 

 

answer before limits 

 

 

 

deal with cos
2
2 correctly

 

 

 

answer before limits 

 

 

Add their numerical areas from 

different limits (or subtract 

appropriately) 

cao 

 2 2

1 2

1
d

2
r r  could earn the 

first 6 marks 

 

  

    [8]   
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6 (i)  

 

3 3

3

3 3 3

3 3
3

3

e e e e
sinh , sinh 3

2 2

e e 1
sinh e 3e 3e e

2 8

e e e e
4sinh 3

2 2

sinh 3 3sinh

sinh 3 4sinh 3sinh

x x x x

x x
x x x x

x x x x

x x

x

x

x x

x x x

 


 

 

 
 

 
     
 

    
     

   

 

  

 

 

M1 

 

 

A1 

 

 

 

 

 

A1 

 

 

Using exponentials for sinhx and 

expanding cubic 

 

Correct cubic  oe 

 

 

 

 

 

Must include exponential form of 

sinh3x 

 

    
[3]   

 (ii)  

 

 

 

3

3

4 3 3 0

4sinh 3sinh 3 0

sinh 3 3

3 ln 3 10

1
ln 3 10

3

1
sinh ln 3 10

3

w w

x x

x

x

x

w

  

   

 

  

  

  
    

  

 

 

 

M1 

M1 

A1 

 

 

 

A1 

 

Make substitution 

Use result of (i) 

 

 

 

 

Must have plus sign. 

Ignore subsequent working 

 

    [4]   
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7 (i)  

 

   

 

 

1

3
2

1 1
3 3

12 2

0 0

1

1

0

1

1 1

d d

2
d 1  d 1

3

2 2
1 1 d

3 3

2
0 1 1 d

3

2

3

2 2 2
1

3 3 2 3

n n

n n

n

n

n

n n

n n n n

u x u nx x

v x x v x

I x x n x x x

I n x x x x

n I I

n n
n I I I I

n









 

  

     

 
      

 

    

 

 
     

 




 

 

 

M1 

 

A1 

 

A1 

 

M1 

 

 

 

 

A1 

 

 

Integrate by parts  

 

1
st
 term must be seen 

 and later made = 0 

Second term 

 

Dealing with    
3

21 1 1x x x     

And converting to 1 and n nI I   

 

 

 

AG 

 

    [5]   

 (ii)  
1

2
1

2 3
n n

n
I I

n
  


 

 

 

M1 

 

A1 

 

 

 

 

 

    [2]   

 (iii)  

 

4 3 2 1 0

11
3

2
0

00

4

8 8 6 8 6 4 8 6 4 2
. . . . . .

11 11 9 11 9 7 11 9 7 5

2 2
1 d 1

3 3

8 6 4 2 2 256
. . . .

11 9 7 5 3 3465

I I I I I

I x x x

I

   

 
      

 

  

  

 

 

M1 

 

 

B1 

 

A1 

 

 

For using reduction formula 

 

 

For I0 

 

AG 

0 1 2 3

4

2 4 16 32
, , ,

3 15 105 315

256

3465

I I I I

I

   

 

 

    [3]   
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8 (i)  f(0.5) = 0.5  

f(1) = 0.099  

f(2) = 0.054  

So sign changes gives roots in the required 

ranges. oe 

B1 

 

Must contain three decimal values and 

conclusion 

 

 

 

 

e.g. "crosses axis" 

    [1]   

 (ii)  x1 = 1.82455 

x2 = 1.84026 

x3 = 1.85019 

 = 1.9 is all that can be justified 

B1 

B1 

 

B1 

x1 

x2 and x3 

Subtract 1 mark for not 5 dp 

 

 

    [3]   

 (iii)  

1

ln(4 1) 4 1 e

e 1
4 e 1

4

e 1
giving 

4

r

x

x
x

x

r

x x x

x x

x 

    


    




 

0.81 0.811977 

0.811977 0.813089 

0.813089 0.813716 

0.813716 0.814069 

 = 0.8145 

M1 

 

 

 

A1 

 

M1 

 

 

 

A1 

Clear attempt  to rearrange formula 

 

 

 

Must include the "r"s AG 

 

Starting with any value (which must be 

seen) in range [0.5,1] 

 

 

Mark final answer 

 

    [4]   
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 (iv)  For first iterative formula: 
g( ) ln(4 1)

4
g '( )

4 1

g '( ) 1 (=1.77) so will not converge to 

x x

x
x

 

 

 




 


For 2

nd
 iterative formula: 

e 1
g( )

4

1
g '( ) e

4

g '(1.9) 1 (=1.67) so it won't converge to 

x

x

x

x






 



 

 

M1 

 

 

 

 

A1 

 

 

 

 

A1 

For finding g '(x) in either case. 

 

 

 

 

Or g '( ) 1 when 1.25x x  so no 

Accept value in range [0.8,0.9] 

 

 

 

 

Or g '( ) 1 when ln 4 1.4x x   so no 

Accept value in range [1.8,2] 

SC Demonstrating divergence 

numerically or graphically for 

either using an initial value near 

the root on either side.  M1 

1st demonstration plus conclusion 

(at least 3 numeric iterations or 2 

steps )A1 

2nd demonstration plus conclusion 

(at least 3 numeric iterations or 2 

steps) A1 

 

 

    [3]   
 

 

Graphs  
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9 (i)   

 

 

1st rectangle has area 01
e

n
 

2
nd

 rectangle has area 
 

2
11

e n

n



 

Last rectangle has area 
 

2
11

e
n

n

n


 

 

Giving 
 

21

0

1
e

n r
n

r

U
n






   

M1 

 

 

 

 

B1 

 

 

 

A1 

Evidence of using correct rectangles 

(may be by diagram)  with heights the 

left hand side with a clear indication 

that they are all above the curve  

 

Correct width and height of at least one 

rectangle - do not accept 
 

2
01

e n

n


 

 

Considering last rectangle and sum 

giving complete solution  

www AG 

SC: if n = 10 is used then M0 but 

B1 may be earned 

    [3]   

 (ii)   
2

1

1
e

n r
n

r

L
n





   
B1 

 

  

    [1]   

 (iii)     

     

 

 

2 2

2 2

1

0 1

0
1

4

1 4

1 4

1
e e

1 1
e e 1 e

10

1
1 e 10

1 e 10 6322

n nr r
n n

r r

n
n n

U L
n

n n

U L

n

n n
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Dealing with cancelling of terms 

 

 

 

Correct inequality soi 
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